Abstract. For any fixed positive integers a, k > 2 there are infinitely many composite integers /i such that a"~k m 1 (mod/i).
1. Introduction. A. Rotkiewicz asked in his book the following question. "Let a, k > 1 be fixed positive integers. Do there exist infinitely many composite integers n such that n\(a"~k -1)1" [5, problem 18, p. 138]. It is well known that the answer is affirmative in the case k = 1; the numbers satisfying the condition are called pseudoprime numbers to base a. A general result was obtained by A. Makowski [2] : For any natural number k > 2 there are infinitely many composite n such that (1) a""* s l(mod«)
for any positive integer a with (a, n) = 1. This result was proved earlier by D. C. Morrow [3] in the case k = 3. In his proof, Makowski showed that there are infinitely many integers n of the form n = k ■ p (where p is a prime) such that congruence (1) holds for any positive integer a if (a, n) -1. Naturally, (k, a) = 1 for these numbers, and so the question remained unanswered if a and k are fixed and (k, a) > 1. In the cases (k, a) > 1, A. Rotkiewicz obtained two results: He proved that (1) has infinitely many solutions n if k = 3 and a is an arbitrarily fixed positive integer, or if k = 2 and a = 2 (see [5, Theorem 32, p. 129] and [6] , respectively). The aim of this paper is to give a general solution of the problem. We prove:
Theorem. Let a ( > 2) and k be fixed positive integers. Then there are infinitely many composite integers n such that a"~k = l(mod«).
2. Auxiliary Results. We shall use some lemmas in the proof of our theorem. for n > 99 if a = 2, and for « > 35 if a ^ 3. In the case a > 3, inequality (2) can be seen directly for n = 31, 32, 33 and 34; thus we have to prove the lemma only for a = 2 and for integers n for which 30 < n < 99. If n > 30 and n is a prime or a prime power (i.e., v(n) = 1), then obviously <D"(2)> 2"/2> «(2« + 1).
If p(n) = 2, then <p(n) > n(l -¿)(1 -\) = n/3, and by (4) we have $"(2) > 2"/3"2 > «(2« + 1) for n > 42; by numerical calculation we can show that $"(2) > n(2n + 1) for 30 < n < 42, too. Lemma 2. Let a (> 2) be a natural number and let p (> 3) be a prime. If the number a belongs to the exponent (p -l)/2 modulo p (i.e., p\(a(p~l)/1 -1) but p + (a' -1) for 0 < i < (p -l)/2), and P(n) denotes the greatest prime factor of n with P(l) = 1, then
unless (p; a) = (3; 4), (5; 4), (5; 9), (7; 2), (7; 4), (13; 4), (17; 2) or (41; 2).
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Proof. Let a, k, and m be integers satisfying the conditions of the lemma, n = m satisfies congruence (1) since h(m)\(m -k). As it is well known, for any integer n > 1 there is a prime q such that a belongs to the exponent h(q) = n modulo q, unless n = 2 and a + 1 is a power of 2, or n = 6 and a = 2 (see [1] 
or [7]). Thus, there exists a prime p for which h(p) = m -k. Since h(m) < h(p) = m -k and h(m) \(m -k), we have p + m and h(mp) = m -k. On the other hand, h(p) = m -k implies that (m -k)\(p -1), and so mp -k = (m -k)p + k(p -1) is
divisible by h(mp) = m -k. From this fact it follows that n = mp also satisfies congruence (1), and one can easily see that mp -k > 2 if a > 2 and mp -k > 6 if a = 2; furthermore, h(mp) = m -k < mp -k. Continuing this process, we get infinitely many solutions of (1).
3. Proof of the Theorem. Let a and k be fixed positive integers. Using the results of Makowski and Rotkiewicz mentioned above, we may assume that (6) (k,a)>\, and m = 1 ■ 11 = 77, then A(7) = 3, since 7|(43 -1) but 7 k (4' -1) for i = 1,2, and similarly A(ll) = 5. From this it follows that h(ll) = 15, and using Lemma 3
with m = 11, we get infinitely many solutions of (1).
In the case k = 2, a = 2b > 4, Lemma 3 with m = a -1 also yields the proof of the Theorem, since in this case h(m)= 1 is a divisor of m -k and h(m) < m -k = a-3. Now let k ¿s. 4. As we have seen above, there is a prime p such that h(p) = k -1, since k -1 > 2 and, by (6) (6) and (7) we have to deal only with the cases (k; a) = (4; 2) and (4; 4). Using the computer TPA 11-40, we have checked that n \(a"~k -1) if n = 40369 = 7 ■ 73 • 79 in the case a = 2, k = 4, and if n = 19 • 31 = 589 in the case a = 4, k = 4. These numbers n are composite, and so h(n) < n -k. By Lemma 3, this completes the proof of the Theorem.
We note that in the cases (k; a) = (4; 2) and (4; 4) the number n = 1 satisfies congruence (1), but it does not imply infinitely many solutions since the condition h(m) < m -k oí Lemma 3 does not hold for m = 1. For some pairs (A;; a) we give below a table of the least composite integers n which satisfy congruence (1). In some cases, (1) holds for primes less than the numbers given in the table; these cases are (k; a; n) -(3; 4; 5), (4; 2; 7), (4; 4; 7), (5; 5; 13), and (6; 2; 31).
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